
Dependence

Roger cooke
RFF

Jan 25, 2018







Effect of dependence amplified by summing
100 independent standard normals

100 standard normals pairwise correlated 0.05
Need 1000 samples to distinguish this from zero



3σ 5σ 7σ

Sum 10 standard normals
Independent 

pairwise corr=0.5
Pairwise tail dependent, corr=0.5



Representing Dependence: Copulae

Variable View Copula View
probability integral transformation 
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Representing Dependence: Copulae

Variable View Copula View
Independent



Representing Dependence: Copulae

Variable View Copula View
Rank correlation 0.8



Representing Dependence: Copulae
Variable View Copula View

Rank correlation 0.8



Representing Dependence: Copulae

Variable View Copula View
Tail Dependent Rank correlation 0.8



Representing Dependence: Copulae

Variable View Copula View
Tail Dependent Rank correlation 0.8



How to elicit dependence
Suppose X is above its median, what is the 
probability that Y is above its median?
Independent ⇒ Prob = ½



How to elicit dependence
Suppose X is above its median, what is the 
probability that Y is above its median?
Rank correlation = 0.75 ⇒ Prob = 0.7



How to elicit dependence
Suppose X is above its median, what is the 
probability that Y is above its median?
Rank correlation = −0.75 ⇒ Prob = 0.3 



How to elicit TAIL dependence
Suppose X is above its 95%-tile, what is the 
probability that Y is above its 95%-tile?

Prob = 0.75



How to elicit TAIL dependence
Suppose X is above its 95%-tile, what is the 
probability that Y is above its 95%-tile?

Prob = 0.45



(Upper) Tail Dependence

UTD(X,Y) = limu → 1 P(X>Xu | Y>Yu)
Xu = u-th quantile of X, idem Y 

UTD(X,Y) = 0 ⇔ X, Y Tail Independent

Look at P(X>Xu | Y>Yu)  as function of u



Gaussian copula, 0.8 
Tail Independent



Gumbel copula 0.8
Upper tail Dependent



(reverse) Clayton 0.8
Upper Tail Dependent



Frank Copula 0.8
Tail Independent



(reverse) Clayton, tail dependent
Expert 1

Expert 7

Greenland Ice Sheet 
P(Discharge > D50 |Runoff > R50)
P(Discharge > D95 | Runoff > R95)





Qualitative option:



Does it Matter?

Ice sheet contribution to SLR by 2100CE with +3˚C warming [mm] 
    mean stdev 5% 50% 95% 

Expert combination 
method 

EW indep 615 270 238 581 1120 
PW Indep 335 200 71 307 719 

PW tail indep 337 216 64 305 749 
PW tail dep 338 229 71 292 785 

 


		Ice sheet contribution to SLR by 2100CE with +3˚C warming [mm]



		 

		 

		mean

		stdev

		5%

		50%

		95%



		Expert combination method

		EW indep

		615

		270

		238

		581

		1120



		

		PW Indep

		335

		200

		71

		307

		719



		

		PW tail indep

		337

		216

		64

		305

		749



		

		PW tail dep

		338

		229

		71

		292

		785
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